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Equation of State of Nuclear Matter in 158A GeV Pb 1 Pb Collisions
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Within a hydrodynamical approach we investigate the sensitivity of single inclusive moment
spectra of hadrons in158A GeV Pb1 Pb collisions to three different equations of state of nuclea
matter. The initial conditions before the evolution of the fireballs and the space-time evolut
pictures differ dramatically for the three equations of state when the same freeze-out temperatu
used in all calculations. However, the softest of the equations of state results in transverse
spectra that are too steep in the central rapidity region. We conclude that the transverse pa
momenta are determined by the effective softness of the equation of state during the fireball expan
[S0031-9007(98)05858-X]
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A goal of studying ultrarelativistic heavy ion collisions
is to understand nuclear matter under extreme conditio
such as high energy density, high particle density, an
whether a transition from a quark-confined hadron sta
to the deconfined state (quark-gluon plasma, QGP) tak
place (see, e.g., Ref. [1]). A highly excited state of matte
and a possible transition to a QGP will occur at the ear
stages of the heavy-ion collisions; these differences w
be reflected in different equations of state for nuclea
matter. These in turn will affect the maximum energ
density and compression achieved in a heavy ion reactio
To investigate the nature of the hadronic equation
state and possible phase transitions, it is very importa
to obtain information about the conditions that exist a
maximum compression, the subsequent evolution of t
system, and the final free hadrons that can be measured
the detectors.

The equation of state (EOS) is part of a hydrodynam
model, and the connection between the EOS and expe
mental observables is relatively direct. In order to ad
dress issues raised above, we shall use the simulation c
HYLANDER-C (cf. Ref. [2], and references therein), with
different equations of state and Cooper-Frye freeze-o
[3], to predict the single particle momentum distributions
The experimental spectra from the158A GeV Pb1 Pb
collisions, measured by the NA44 [4,5] and NA49 Col
laborations [6], are used as fit criteria for the hydrody
namical (one-fluid-type) calculations.

In our approach, virtually any type of EOS can be
considered by solving the relativistic Euler equation
[7]. The coupled system of partial differential equation
necessary that describe the dynamics of a relativistic flu
(with given initial conditions) contains an equation o
state which we write in the form

Pse, nd  c2se, nde . (1)

In Eq. (1), the quantitiesP, e, andn are the pressure,
the energy density, and the baryon density, respective
The proportionality constant,c2, is in general a function
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of e and n. In the following, we shall assume that i
particular then dependence is negligible for the energ
regime under consideration. From only the knowledge
the speed of sound,c2

0sed, one can then calculatec2sed by
evaluating the integral [8]

c2sed 
1
e

Z e

0
c2

0se0d de0. (2)

Assuming an adiabatic expansion, the temperatu
T sed, can be calculated from [8]

Tsed  T0 exp

"Z e

e0

c2
0se0d de0

f1 1 c2se0dge0

#
, (3)

where T0  T se0d has to be specified for an arbitrar
value ofe0.

Three equations of state are discussed in this stu
The first one, EOS-I, which we use in the following
exhibits a phase transition to a quark-gluon plasma
a critical temperatureTc  200 MeV with a critical en-
ergy densityec  3.2 GeVyfm3 (cf. Ref. [9], and refer-
ences therein [2]). The second equation of state, EOS
is also a lattice QCD-based EOS which has recently
come very popular in the field of relativistic heavy-io
physics (cf. Ref. [10]). This equation of state includes
phase transition atTc  160 MeV with a critical energy
densityec ø 1.5 GeVyfm3. The third equation of state
EOS-III, has been extracted from the microscopic tran
port model RQMD [11] under the assumption of comple
local thermalization [12], and doesnot include a transi-
tion to a QGP. In Fig. 1 the three equations of state
plotted in many different representations. For instan
in Fig. 1(d) the plot ofc2  Psedye emphasizes the ex-
istence of a minimum inPye at e  ec  3.2 GeVyfm3

sø1.5 GeVyfm3d for EOS-I (EOS-II), referred to asthe
softest pointof the EOS. It corresponds to the bounda
between the generalized mixed phase and the QGP [
As seen in Fig. 1, EOS-II yields a much softer equati
of state than does EOS-I.
© 1998 The American Physical Society 3467



VOLUME 80, NUMBER 16 P H Y S I C A L R E V I E W L E T T E R S 20 APRIL 1998

,
-

n,
,
e
o

h
a

-
tra

s
n
em
-
-

FIG. 1. Energy density,e, ratio of pressure and energy
density, Pye, speed of sound,c2

0, and temperature,T , as
functions of T and/or e, for the equations of state EOS-I
(solid lines), EOS-II (dashed lines), and EOS-III (dotted lines)
respectively (see text). The open circles in plot (d) correspon
for each EOS to the starting values ofPye with respect to
the achieved initial maximum energy densityeD at transverse
position r'  0, whereas the filled squares represent the fina
values ofPye at breakup energy densities,ef .

The parametrizations for the speed of sound which w
have used here are [8]

c2
0sed  ha 1 b tanhfg lnseye0d 1 dgj

3

"
1 2

s1 2 jdG2

ln2seye0d 1 G2

#
(4)

in the case of EOS-I,

c2
0sed  a 1 b tanhfg lnseye0dg

2 d tanhfj lnseye0dg (5)

in the case of EOS-II, and

c2
0sed 

Ω
a 2 bseye0dd: e # e0,
0: e . e0 (6)

in the case of EOS-III. The parameters of Eqs. (4)–(6
and the choices forT0  T se0d are listed in Table I.

In the following it is assumed that due to an experimen
tal uncertainty for the centrality of the collision, only 90%
of the total available energy and the total baryon numb
have been observed. It is then possible to find initial dis
tributions for the three equations of state, such that on
can reproduce the single inclusive momentum spectra
158A GeV Pb1 Pb collisions (cf. Fig. 3).

Figure 2 shows the initial distributions for the en-
ergy density,eszd, the baryon density,nBszd, and the
fluid rapidity, yFszd, plotted against the longitudinal co-
ordinatez. We use here for the initial distributions the
initial condition scenarios which have been extensivel
described in Refs. [13,14]. In particular, it is assume
3468
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TABLE I. EOS Parameters.

EOS-I EOS-II EOS-III

a 4y15 0.2582 0.15
b 1y15 1y6 0.02
g 0.24 10.0 · · ·
d 1.05 0.0915 2.00
j 0.15 1.50 · · ·
G2 0.73 · · · · · ·
e0 fGeVyfm3g · · · 0.27 2.80
e0 fGeVyfm3g 3.20 1.45 1.00
T0 fMeVg 200 160 180

that an initial transverse fluid velocity field is absent
and the initial longitudinal distributions for energy den
sity, e, and baryon density,nB, are smeared out with a
Woods-Saxon parametrization in the transverse directio
r' (cf. Ref. [15]). The choices for the initial parameters
which in each case provide the best fit results for th
hadronic single inclusive momentum spectra of the tw
considered experiments, are listed in Table II.

The maximum initial energy density iseD 
15.3 f6.55 s8.66dg GeVyfm3, and the maximum ini-
tial baryon density isnmax

B  3.93 f1.24 s1.92dg fm23,
for EOS-I [EOS-II (EOS-III)], respectively; 71% [30%
(36%)] of the baryonic matter is initially located in the
central fireball region. Hence, EOS-I predicts a muc
larger stopping than EOS-III does, and EOS-III predicts
much larger stopping than EOS-II does.

Figure 3 shows results of the hydrodynamical calcula
tions compared to the single inclusive momentum spec
of the 158A GeV Pb1 Pb collisions which have been
measured by the NA44 [4,5] and NA49 Collaboration
[6]. All single inclusive momentum spectra have bee
evaluated in the nucleus-nucleus center of mass syst
s yc.m.  2.91d, and for all calculations the freeze-out tem
peratureTf  139 MeV has been used. The energy den
sity at freeze-out isef  0.292 f0.126 s0.130dg GeVyfm3

for EOS-I [EOS-II (EOS-III)]. In particular, the freeze-out
energy density,ef , is a factor,2.2 larger in the calculation

FIG. 2. Initial distributions of (a) the energy density,e,
(b) the baryon density,nB, and (c) the fluid rapidity,yF ,
plotted against the longitudinal coordinatez at transverse
position r'  0. The solid [dashed (dotted)] lines indicate
the initial distributions for the calculation using EOS-I [EOS-II
(EOS-III)].
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TABLE II. Properties of the fireballs.

EOS-I EOS-II EOS-III

Initial parameters
Relative fraction of thermal energy

in the central fireball,KL 0.55 0.20 0.28
Longitudinal extension of the

central fireball,D [fm] 1.20 1.00 1.10
Rapidity at the edge of the central

fireball, yD 1.00 0.85 0.90
Rapidity at maximum of initial

baryony distribution,ym 0.80 1.50 1.10
Width of initial baryony

distribution,s 0.32 1.00 0.60

Output
Maximum initial energy density,

eD fGeVyfm3g 15.3 6.55 8.66
Maximum initial baryon density,

nmax
B ffm23g 3.93 1.24 1.92

Relative fraction of baryons in
central fireball,fD

nB
0.71 0.30 0.36

Freeze-out energy density,
ef fGeVyfm3g 0.292 0.126 0.130

Maximum transverse velocity at
freeze-out,ymax

' fcg 0.46 0.30 0.42
Lifetime of fireball, tmax ffmycg 13.1 29.3 27.3
Lifetime of QGP,tQGP ffmycg 2.4 3.0 · · ·

using EOS-I compared to the other two calculations. In
specting Fig. 4, we found that the total lifetime of the
fireball is reduced by approximately this factor in the
calculation using EOS-I. Figure 4 also shows that EOS-
and EOS-III yield fireballs of similar lifetimes (cf. also
Table II). These particular features show up in Bose
Einstein correlation (BEC) calculations (cf. Ref. [2]);
more on BEC will be published elsewhere [16]. The rela
tively strong effect in two-particle correlation functions
was also observed in a recent report [17].

All three calculations yield reasonable agreement wi
both experiments. However, the calculations for the ve
soft EOS-II yield transverse mass spectra that are t
steep in the central rapidity region. The magnitudes
the slopes in the transverse mass spectra have their or
in the transverse velocity fields at freeze-out. For EOS-
its corresponding transverse velocity field is the weake
(cf. Table II) of the three EOS. In fact, it is about 30%
smaller than the transverse velocity fields for EOS-I an
EOS-III. The final velocity is proportional to the time
integral Z tf

ti

P
e

st0d dt0, (7)

where Pye is proportional to the fluid acceleration
[18,19]. In Fig. 1(d) we exhibit for each EOS we used
the starting values ofPye with respect to the initial maxi-
mum energy densityeD at transverse positionr'  0,
and the final values ofPye at breakup energy densities,
-
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FIG. 3. (a) Rapidity spectra and (b) transverse mass sp
tra, s1ym'ddNydm'dy, of negative hadrons,h2, (c) rapidity
spectra of protons (without contributions fromL0 decay) and
(d) transverse mass spectra,s1ym'ddNydm', of protons (in-
cluding contributions fromL0 decay),p, positive kaons,K1,
and positive pions,p1, respectively. The solid [dashed (dot
ted)] lines indicate the results of the calculations when u
ing equation of state EOS-I [EOS-II (EOS-III)]. The ope
circles represent preliminary data taken by the NA49 Co
laboration, whereas the filled squares represent final data ta
by the NA44 Collaboration.

ef . For the given total fireball lifetime,tmax ; tf 2 ti ,
the effective Pye of EOS-II is obviously too small,
whereasPye of EOS-I and EOS-III appear to have
the correct effective softness. We stress that the to
lifetime, tmax, in the case of EOS-I is reduced by

FIG. 4. Isotherms for the relativistic fluids governed by EOS
I, EOS-II, and EOS-III atr'  0, respectively. The outer
lines correspond to a temperature,T  139 MeV, and each
successively smaller curve represents an increase in tempera
by DT  20 MeV. The linesc  1 represent the light cone.
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factor ,2.1 compared totmax of EOS-III, but the ratio
Pye of EOS-I is effectively increased for the considere
expansion period.

In summary, we have tested three types of equat
of state for 158A GeV Pb1 Pb collisions. We found
that the measured single inclusive momentum spectra
sensitive to both the initial conditions and to the equati
of state. EOS-I and EOS-III both provide reasonable fi
to the data. For the EOS-II a softest point is assum
and its corresponding velocity field is the weakest. As
result, the transverse mass distributions calculated fr
this equation of state are found to be too steep in t
central rapidity region as compared to the experimen
observations. Obviously, the transverse particle mome
are sensitive to the effective softness of the equation
state during the fireball expansion.

We stress that we have based our considerations on v
strong assumptions. In the calculations we are using
idealized hadronization criterion (i.e.,Tf  139 MeV for
all hadron species), idealized equations of state (i.e.,
n dependent), ideal fluid dynamics (i.e., nonviscous), a
an idealized link between quantum statistics and (clas
cal) relativistic fluid dynamics (i.e., particle spectra hav
been calculated from Wigner functions). But as long as w
limit our comparison of different scenarios within the sam
framework, our conclusions are valid. Still, several cr
cial questions like where and when the collective veloc
field [20] is developed during the collision, and whether
develops in the QGP phase or in the hadronic phase are
answered yet. In addition, the exact condition for the sy
tem evolving from interacting hadrons to freeze-streami
ones is not known [21]. To shed light in this direction
an even more sophisticated analysis is needed. We
lieve that the combined analysis of single inclusive m
mentum spectra and Bose-Einstein correlations will he
to further constrain [22] the limits of possible candidate
for the equation of state of nuclear matter in relativist
heavy-ion collisions.
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We are grateful for many enlightening discussions wi
Dr. M. Prakash, Dr. C. Redlich, Dr. D. Rischke, Dr. E. V
Shuryak, and Dr. H. Sorge. Special thanks goes
M. Toy for providing us data files of the preliminary
NA49 data. This work has been supported by the U
Department of Energy.
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